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HARMONICITY OF SECTIONS OF SPHERE BUNDLES
J. C. GONZÁLEZ-DÁVILA, F. MARTÍN CABRERA, AND M. SALVAI
Abstrat. We onsider the energy funtional on the spae of setions of a sphere bundle
over a Riemannian manifold (M, 〈·, ·〉) equipped with the Sasaki metri and we disuss the
haraterising ondition for ritial points. Likewise, we provide a useful method for omput-
ing the tension eld in some partiular situations. Suh a method is shown to be adequate
for many tensor elds dened on manifolds M equipped with a G-struture ompatible with
〈·, ·〉. This leads to the onstrution of a lot of new examples of dierential forms whih are
harmoni setions or determine a harmoni map from (M, 〈·, ·〉) into its sphere bundle.
Keywords and phrases: energy of setions, harmoni setion, harmoni map, G-struture,
intrinsi torsion, minimal onnetion, almost Hermitian manifold, almost ontat metri
manifold, Riemannian urvature
2000 MSC : 53C20, 53C10, 53C15, 53C25
Contents
1. Introdution 1
2. Preliminaries 3
3. Harmoniity of setions of sphere bundles 3
4. Dierential forms as harmoni maps 7
5. Examples of harmoni maps 8
5.1. Nearly Kähler 6-manifolds 9
5.2. Nearly parallel G2-manifolds 10
5.3. a-Sasakian manifolds 11
5.4. 3-a-Sasakian manifolds 12
5.5. b-Kenmotsu manifolds 15
5.6. Loally onformal parallel p-forms 16
Referenes 21
1. Introdution
The energy of a map between Riemannian manifolds is a funtional whih has been widely
studied by diverse authors [9, 10, 31℄. Critial points for the energy funtional are alled
harmoni maps and have been haraterised by Eells and Sampson [11℄ as maps whose tension
eld vanishes.
Date: 24th O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For a Riemannian manifold (M, 〈·, ·〉), we denote by (T1M, 〈·, ·〉
S) its unit tangent bundle
equipped with the Sasaki metri 〈·, ·〉S [1℄. Thinking of unit vetor elds as setions M →
T1M , if M is ompat and oriented, one an onsider the energy funtional as dened on
the set X1(M) of unit vetor elds. Critial points for this funtional give rise to the notion
of harmoni unit vetor eld. The ondition haraterising harmoni unit vetor elds has
been obtained by Wiegmink [33℄ (see also Wood's paper [34℄). It is interesting to note that
harmoni unit vetor elds are not neessarily ritial points for the energy funtional on the
spae of all maps M → T1M . A harmoni unit vetor eld will also be harmoni map if and
only if ertain ondition involving the urvature of M is satised.
In this paper we onsider the energy funtional dened on the spae of setions of Rie-
mannian vetor bundles E→M , equipped with a metri whih generalizes the Sasaki metri.
In [15℄, Gil-Medrano et al. onsidered the energy funtional dened on (r, s)-tensorial bundles
on M whih is a partiular ase of the vetor bundles onsidered here. The haraterising
ondition of ritial points for the energy funtional on the spae of setions of sphere bun-
dles was shown in [29℄. This gives rise to the notion of harmoni setion of a sphere bundle.
Additionally, we analyse when suh harmoni setions are also harmoni maps. In partiular,
we will show a method, mainly based on Lemma 3.3, for omputing the tension eld whih is
adequate for many situations. Conretely, when we onsider Riemannian manifolds (M, 〈·, ·〉)
equipped with some G-struture ompatible with the metri 〈·, ·〉. It is well known that, as-
soiated with many suh G-strutures, there are tensors Ψ of onstant length stabilised by
the ation of the Lie group G. For many of those Ψ, our method proves to be eient for
omputing their orresponding tension elds.
Some of the tensors playing the rle of Ψ are: the Kähler form of an almost Hermitian
struture, the fundamental three-form of a G2-struture, the real and imaginary parts of the
omplex volume form of a speial almost Hermitian struture, et. So that we analyse the
harmoniity of setions Ψ of sphere bundles both as setions and as maps. If the intrin-
si torsion ξG of the G-struture vanishes, the harmoniity in both senses trivially follows.
Therefore, we study examples dened on manifolds equipped with a G-struture suh that
ξG 6= 0, but with a geometry strongly onditioned by the G-struture. Thus, we have found
examples of harmoni setions and harmoni maps into sphere bundles dened on manifolds
with G-struture suh that their respetive intrinsi torsions have to be ontained in a one-
dimensional G-module (in many ases, this implies that the manifold is Einstein): nearly
Kähler 6-manifolds, 7-manifolds with nearly parallel G2-struture, Sasakian manifolds, Ken-
motsu manifolds, et.
Finally, we fous attention on manifolds equipped with a loally onformal parallel G-
struture. The geometry of suh manifolds is very onditioned by a losed one-form, alled
the Lee form. Thus, for suh geometries, we have found tensor elds whih are harmoni
setions of sphere bundles. Furthermore, for some of them, if the Lee form is parallel, then
they are also harmoni maps.
Aknowledgements. The rst author is supported by a grant from MEC (Spain), projet
MTM2007-65852, the seond one by a grant from MEC (Spain), projet MTM2007-66375 and
the third one by Coniet, Seyt-UNC and Fonyt.
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2. Preliminaries
The energy of a map f : (M, 〈·, ·〉M ) → (N, 〈·, ·〉N ) between Riemannian manifolds, M
being ompat and oriented, is the integral
E(f) =
1
2
∫
M
‖f∗‖
2dv, (2.1)
where ‖f∗‖ is the norm of the dierential f∗ of f with respet to the metris 〈·, ·〉M , 〈·, ·〉N
and dv denotes the volume form on (M, 〈·, ·〉M ). On the domain of a loal orthonormal frame
eld {e1, . . . , en} on M , dimM = n, ‖f∗‖
2
an be expressed as ‖f∗‖
2 = 〈f∗ei, f∗ei〉N , where
the summation onvention is used. Suh a onvention will be followed in the sequel. When a
risk of onfusion appear, the sum will be written in detail.
The ritial points of the funtional E on C∞(M,N) are known as harmoni maps and,
when M is losed, they have been haraterised as maps with vanishing tension eld. The
tension of f is the vetor eld τ(f) along f whih an be loally expressed as
τ(f) = ∇˜ei(f∗ei)− f∗∇eiei, (2.2)
where ∇˜ denotes the indued onnetion, ompatible with 〈·, ·〉N , on the indued vetor bundle
f∗TN = {(x, v) |x ∈M, v ∈ Tf(x)N} of TN by f . Here, the bre on x in f
∗TN is identied
with Tf(x)N and the Equation (2.2) is understood in this way. Then τ(f) is a smooth setion
of f∗TN. Denote by Γ∞(f∗TN) the spae of all smooth setions of f∗TN , also known as
the spae of all variational vetor elds along f. Suh a spae an be regarded as the tangent
spae TfC
∞(M,N) at f of the manifold C∞(M,N).
If N¯ ⊂ N is a regular submanifold of N suh that f(M) ⊂ N¯ , then f belongs to C∞(M, N¯ )
and the tangent projetion tan(V ) of V ∈ Γ∞(f∗TN) to N¯ is a vetor eld along f : M → N¯ .
Moreover, for X ∈ X(M) and V¯ ∈ Γ∞(f∗TN¯), we get tan(∇˜NX V¯ ) = ∇˜
N¯
X V¯ , where ∇˜
N
and
∇˜N¯ respetively denote the indued onnetions via f : M → N and via f : M → N¯ . Hene,
tan τ(f) is the tension eld of f : M → N¯ and we have
Lemma 2.1. The map f : (M, 〈·, ·〉M ) → (N¯ , 〈·, ·〉N ) is harmoni if and only if the tension
eld of f : (M, 〈·, ·〉M )→ (N, 〈·, ·〉N ) is orthogonal to N¯ .
3. Harmoniity of setions of sphere bundles
Let π : E→M be a vetor bundle over an n-dimensional Riemannian manifold (M, 〈·, ·〉)
with typial bre Ex
∼= Fm, where F = R or C and denote by L(E) the prinipal frame bundle
of E. A point p of L(E) is a pair (x; p1, . . . , pm) where x ∈ M and {p1, . . . , pm} is a basis of
Ex. We onsider a metri onnetion Γ : p ∈ L(E) 7→ Hp ⊂ TpL(E), with respet to a bre
metri on E, whih we will also denote by 〈·, ·〉.
For eah v ∈ Ex, the orresponding horizontal subspae Hv of TvE is dened as Hv =
(φλ)∗pHp, where (p, λ) ∈ L(E)× F
m
with v =
∑
i λ
ipi and φλ is the mapping φλ : L(E)→ E
given by φ(q) =
∑
i λ
iqi, for all q ∈ L(E). Hene, we obtain that TvE is deomposed into
TvE = Hv⊕Vv , being Vv the vertial subspae Vv = TvEx, and (M, 〈·, ·〉) aquires a ovariant
derivative ∇ on the spae of the smooth setions Γ∞(E) on E by using of the notion of parallel
displaement of bres of E. Beause Γ is a metri onnetion, it follows that ∇ is ompatible
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with 〈·, ·〉, that is, it satises
X〈σ1, σ2〉 = 〈∇Xσ1, σ2〉+ 〈σ1,∇Xσ2〉, (3.1)
for all vetor eld X on M and σ1, σ2 ∈ Γ
∞(E). Moreover, we dene 〈∇σ1,∇σ2〉 in terms of
loal orthonormal tangent frames {e1, . . . , en} by the expression 〈∇σ1,∇σ2〉 = 〈∇eiσ1,∇eiσ2〉.
The manifold E admits a Riemannian metri whih generalises the Sasaki metri of the
tangent bundle, see [1℄. It will be denoted by 〈·, ·〉S and, for ξ1, ξ2 ∈ TvE, it is dened by
〈ξ1, ξ2〉
S = 〈π∗(ξ1), π∗(ξ2)〉+ 〈K(ξ1),K(ξ2)〉, (3.2)
where K : TE → E is the onnetion map [28℄ of the onnetion on E assoiated with Γ.
We reall that suh a map is given by K(ξ) = ι(ξv), where ξv is the vertial omponent of
ξ ∈ TE and ι is the projetion ι : TE → E dened by ι(η) = 0 for all η ∈ H and ι(uv) = u,
for all uv ∈ Vv, being uv = α
′(0) and α(t) = v + tu. In partiular, if σ is a smooth setion
σ ∈ Γ∞(E), one obtains that K(σ∗X) = ∇Xσ, for any vetor eld X ∈ X(M).
If M is ompat and oriented, the energy funtional of a smooth setion σ ∈ Γ∞(E) is
dened as the energy of the map σ : (M, 〈·, ·〉) → (E, 〈·, ·〉S). Then, from (2.1) and using (3.2),
the energy E(σ) of σ an be expressed as
E(σ) =
n
2
Vol(M) +
1
2
∫
M
‖∇σ‖2dv.
The relevant part of this formula, B(σ) = 12
∫
M ‖∇σ‖
2dv, is usually alled the total bending
of the setion σ. It is immediate that B : Γ∞(E)→ R is always non-negative and B(σ) is zero
if and only if σ is ∇-parallel. Thus, the notion of total bending provides a measure of how a
setion of π : E→M fails to be parallel.
Eah smooth setion σ ∈ Γ∞(E) determines a vertial vetor eld σvert on E given by
σvertv = σ(x)v ∈ Vv, for all v ∈ Ex, and likewise, eah vetor eld X on M an be lifted to a
horizontal vetor eld Xhor on E, its horizontal lift.
In the sequel, we will make use of the musial isomorphisms ♭ : TM → T ∗M and ♯ :
T ∗M → TM , indued by the metri 〈·, ·〉, respetively dened by X♭ = 〈X, ·〉 and 〈θ♯, ·〉 = θ.
The tension eld τ(σ) of σ has been haraterised in [15℄ as follows
τ(σ) =
(
(R(σ,〈·,·〉))
♯
)hor
◦σ − (∇∗∇σ)vert ◦σ,
where R(σ,〈·,·〉) is the one-form on M given by
R(σ,〈·,·〉)(X) = 〈RX, eiσ,∇eiσ〉, (3.3)
for any vetor eld X on M , where {e1, . . . , en} is an orthonormal frame eld and ∇
∗∇σ is
the onnetion Laplaian (or rough Laplaian) [21℄ dened by
∇∗∇σ = −
(
∇2σ
)
ei,ei
.
Here RX,Y σ = ∇[X,Y ]σ −∇X∇Y σ +∇Y∇Xσ and (∇
2σ)X,Y = ∇X∇Y σ −∇(∇XY )σ. Hene,
the map σ : (M, 〈·, ·〉) → (E, 〈·, ·〉S) is harmoni if and only if R(σ,〈·,·〉) = 0 and ∇
∗∇σ = 0.
Beause for M ompat, the onnetion Laplaian of σ vanishes if and only if σ is parallel
(see [21, page 154℄), it follows that σ is harmoni if and only if σ is parallel.
A ritial point σ ∈ Γ∞(E) of the restrition E : Γ∞(E)→ IR of the energy funtional to the
spae of setions is alled a harmoni setion. Consider σt ∈ Γ
∞(E) a smooth variation of σ
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through setions. Then the orresponding variation vetor eld x ∈M 7→ V (x) = ddt |t=0σt(x)
is a setion of the indued bundle σ∗V of the vertial subbundle σ∗V ⊂ TE. Using the rst
variation formula
d
dt |t=0
E(σt) = −
∫
M
〈V, τ(σ)〉Sdv,
ritial points σ ∈ Γ∞(E) of the restrition of E to Γ∞(E) are haraterised by the vanishing
of the vertial omponent of their tension. Hene, we an onlude
Proposition 3.1. Let π : E → M be a vetor bundle with a metri onnetion over a losed
and oriented Riemannian manifold and σ ∈ Γ∞(E). Then the following statements are equiv-
alent:
(i) the map σ : (M, 〈·, ·〉) → (E, 〈·, ·〉S) is harmoni;
(ii) σ is a harmoni setion;
(iii) σ is parallel.
Denote by SE(r) the sphere bundle of radius r > 0 in E onsisting of those elements v ∈ E
with ‖v‖ = r. It is a subbundle and also a hypersurfae of E. For eah σ ∈ Γ∞(SE(r)),
1
rσ
vert
◦σ is a unit normal vetor eld to SE(r) along σ and the tangent projetion tan τ(σ)
of τ(σ) to SE(r) is given by
tan τ(σ) = τ(σ)− 1
r2
〈τ(σ), σvert ◦σ〉Sσvert ◦σ
=
(
(R(σ,〈·,·〉))
♯
)hor
◦σ − (∇∗∇σ)vert ◦σ + 1
r2
〈(∇∗∇σ)vert ◦σ, σvert ◦σ〉Sσvert ◦σ
=
(
(R(σ,〈·,·〉))
♯
)hor
◦σ +
(
1
r2
〈∇∗∇σ, σ〉σ −∇∗∇σ
)vert
◦σ.
Hene, using Lemma 2.1, we have (see also [15℄)
Proposition 3.2. Let π : E → M be a vetor bundle with a metri onnetion over a losed
and oriented Riemannian manifold and σ ∈ Γ∞(SE(r)). Then, we have:
(i) the map σ : (M, 〈·, ·〉) → (SE(r), 〈·, ·〉
S) is harmoni if and only if R(σ,〈·,·〉) = 0 and
∇∗∇σ is ollinear with σ.
(ii) σ is a ritial point of E restrited to Γ∞(SE(r)) if and only if ∇
∗∇σ is ollinear with
σ.
For general Riemannian manifolds (M, 〈·, ·〉), not neessarily losed and oriented, a se-
tion of SE(r) satisfying this last ondition is alled a harmoni setion of the sphere bundle
SE(r). If a harmoni setion σ is suh that R(σ,〈·,·〉) = 0, then it is also a harmoni map into
(SE(r), 〈·, ·〉
S). In suh a ase, we refer to σ as a harmoni map into a sphere bundle.
Let (∇σ)t : Γ∞(E) → X(M) be the transpose operator of ∇σ with respet to 〈·, ·〉 dened
as
〈(∇σ)tϕ,X〉 = 〈ϕ,∇Xσ〉, ϕ ∈ Γ
∞(E), X ∈ X(M).
The following identity relating the onnetion Laplaian and the transpose operator is satised
[21, page 155℄
〈∇∗∇σ, ϕ〉 = −div (∇σ)tϕ+ 〈∇σ,∇ϕ〉, (3.4)
whih motivates the notation hosen for the onnetion Laplaian.
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If ‖σ‖ = r, then (3.1) implies that (∇σ)tσ = 0. Therefore, using Equation (3.4), we have
〈∇∗∇σ, σ〉 = ‖∇σ‖2. Hene, σ ∈ Γ∞(SE(r)) is a harmoni setion of SE(r) if and only if
∇∗∇σ =
1
r2
‖∇σ‖2σ. (3.5)
The next result will be useful in the disussion of some examples to deide whether a
harmoni setion is a harmoni map.
Lemma 3.3. Given a harmoni setion σ of the sphere bundle SE(r), the one-form R(σ,〈·,·〉)
dened in Equation (3.3) an be also written as
R(σ,〈·,·〉)(X) = div
(
(∇σ)t∇Xσ
)
+ 〈∇[X,ei]σ,∇eiσ〉 −
1
2X
(
‖∇σ‖2
)
. (3.6)
Moreover, if 〈∇Xσ,∇Y σ〉 is loally expressed by
〈∇Xσ,∇Y σ〉 =
n∑
i=1
kie
♭
i ⊗ e
♭
i(X,Y ),
where {e1, . . . , en} is a loal orthonormal frame eld and k1, . . . , kn are smooth funtions, then
R(σ,〈·,·〉) =
n∑
i=1
{ei(ki) +
n∑
j=1
(ki − kj)〈∇ejei, ej〉}e
♭
i −
1
2d(
n∑
j=1
kj). (3.7)
In partiular, if k1 = · · · = kn = λ, where λ is a (non-negative) onstant, then σ is a harmoni
map into (SE(r), 〈·, ·〉).
Proof. From (3.3), using the denition of the urvature operator, we have
R(σ,〈·,·〉)(X) = 〈(∇
2σ)ei,X ,∇eiσ〉 − 〈(∇
2σ)X, ei ,∇eiσ〉.
From this identity, it is immediate to derive
R(σ,〈·,·〉)(X) = 〈∇ei(∇Xσ),∇eiσ〉+ 〈∇[X,ei]σ,∇eiσ〉 − 〈∇X(∇eiσ),∇eiσ〉.
Now, 〈∇X(∇eiσ),∇eiσ〉 =
1
2X
(
‖∇σ‖2
)
and, by Equation (3.4), we have
R(σ,〈·,·〉)(X) = div
(
(∇σ)t∇Xσ
)
+ 〈∇∗∇σ,∇Xσ〉+ 〈∇[X,ei]σ,∇eiσ〉 −
1
2X
(
‖∇σ‖2
)
.
Therefore, using (3.5), Equation (3.6) follows. To show Equation (3.7), we diretly apply
(3.6), taking into aount that (∇σ)t∇eiσ = kiei. 
Finally, we give the rst and the seond variation formula or the Hessian form of the energy
funtional E restrited to the set of all setions of the sphere bundle. Firstly, we note that
Γ∞(E) is a module over the ring of F-valued funtions and, for eah σ ∈ Γ∞(SE(r)), one
obtains the deomposition Γ∞(E) = V(σ)⊥ ⊕V(σ), where V(σ) is the submodule spanned by
σ and V(σ)⊥ is the orthogonal omplement to σ on Γ∞(E), with respet to the metri bre
in E. Then Γ∞(SE(r)) an be endowed with a struture of Fréhet manifold ompatible with
its C∞-topology suh that eah σ ∈ Γ∞(SE(r)) is ontained in a hart modelled on V(σ)
⊥
and, onsequently TσΓ
∞(SE(r)) = V(σ)
⊥
. Moreover, a smooth variation σt, t ∈]− ε, ε[, of σ
through setions of SE(r) an be regarded as a smooth urve γ : t 7→ γ(t) = σt in Γ
∞(SE(r))
with γ(0) = σ and γ′(0) ∈ V(σ)⊥.
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Proposition 3.4. Let π : E → M be a vetor bundle with a metri onnetion over a losed
and oriented Riemannian manifold and let E : Γ∞(SE(r)) → R be the energy funtional on
Γ∞(SE(k)). We have
(i) dEσ(ϕ) =
∫
M
〈∇∗∇σ, ϕ〉 dv, for eah σ ∈ Γ∞(SE(r)) and ϕ ∈ V(σ)
⊥
.
(ii) If σ is a harmoni setion of SE(r), then the Hessian form (Hess E)σ on V(σ)
⊥ ∼=
TσΓ
∞(SE(r)) is given by
(Hess E)σϕ =
∫
M
(‖∇ϕ‖2 − ‖ϕ‖2‖∇σ‖2)dv.
Proof. If γ :]− ε, ε[→ Γ∞(SE(r)) is a urve suh that γ(0) = σ, γ
′(0) = ϕ ∈ V(σ)⊥, then we
obtain
dEσ(ϕ) =
d
dt |t=0
E(γ(t)) =
1
2
∫
M
d
dt |t=0
‖∇γ‖2dv =
∫
M
〈∇σ,∇ϕ〉dv.
Now, using Equation (3.4) and taking into aount that M is losed, we get (i).
For (ii),
(Hess E)σϕ =
d2
dt2 |t=0
E(γ(t)) =
1
2
∫
M
d2
dt2 |t=0
‖∇γ‖2dv
=
∫
M
d
dt |t=0
〈∇γ,∇γ′〉 =
∫
M
(‖∇ϕ‖2 + 〈∇σ,∇γ′′(0)〉)dv.
But, using Equation (3.4) as before, we get
〈∇σ,∇γ′′(0)〉 = div((∇σ)tγ′′(0)) + 〈γ′′(0),∇∗∇σ〉,
and therefore
(Hess E)σϕ =
∫
M
(
‖∇ϕ‖2 + 〈γ′′(0),∇∗∇σ〉
)
dv.
Now, taking into aount that ‖γ(t)‖2 = r2 and σ is a harmoni setion of the sphere bundle,
we obtain
〈γ′′(0),∇∗∇σ〉 = 〈γ′′(0), σ〉‖∇σ‖2 = −‖ϕ‖2‖∇σ‖2.
Hene (ii) follows. 
4. Differential forms as harmoni maps
Denote by
∧pM the vetor bundle of p-forms on M and by ΩpM the spae of its setions,
that is, the spae of dierential p-forms on M. On
∧pM we will onsider the natural bre
metri 〈·, ·〉 dened by
〈Ψ,Φ〉 = Ψ(ei1 , . . . , eip)Φ(ei1 , . . . , eip), (4.8)
where {e1, . . . , en} is a loal orthonormal frame. Clearly, the ovariant derivative ∇ on Ω
pM
obtained as an extension of the Levi Civita onnetion assoiated to the metri 〈·, ·〉 on M is
ompatible with suh bre metri, i.e., Equation (3.1) is satised.
Next Theorem is a rst appliation of Lemma 3.3 and will be extremely useful in working
with examples to be able to laim that ertain harmoni setions of some partiular sphere
bundles are also harmoni maps.
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Theorem 4.1. Let (M, 〈·, ·〉) be an n-dimensional Riemannian manifold and (Ψ,Φ) a pair of
dierential forms of onstant length ‖Ψ‖ = r1 and ‖Φ‖ = r2, Ψ ∈ Ω
pM and Φ ∈ Ωp+1M. If
∇XΨ = λXyΦ and ∇XΦ = µX
♭ ∧Ψ, where λ, µ are onstants and 0 ≤ p < n, then Ψ and Φ
are harmoni maps into the orresponding sphere bundles SΩpM (r1) and SΩp+1M (r2).
Proof. For x ∈M , taking an orthonormal frame eld {e1, . . . , en}, suh that (∇eiej)x = 0, it
follows that
(∇∗∇Ψ)x = −∇eix (∇eiΨ) = −λµeixy(e
♭
ix ∧Ψx) = −(n− p)λµΨx,
(∇∗∇Φ)x = −∇eix (∇eiΦ) = −λµe
♭
ix ∧ (eixyΦx) = −(p+ 1)λµΦx.
Hene, (Ψ,Φ) is a pair of harmoni setions of the respetive sphere bundles and, using (3.5),
we get
‖∇Ψ‖2 = −(n− p)λµr21, ‖∇Φ‖
2 = −(p+ 1)λµr22.
Next, we ompute R(Ψ,〈·,·〉) and R(Φ,〈·,·〉). It is straightforwardly obtained
div
(
(∇Ψ)t∇XΨ
)
) = 12(n− p+ 1)λµX(‖Ψ‖
2) + λ2〈eiyΦ,∇eiXyΦ〉 = λ
2〈eiyΦ,∇eiXyΦ〉.
Also it is diret to obtain
〈∇[X,·]Ψ,∇·Ψ〉 =λ
2{〈∇XeiyΦ, eiyΦ〉 − 〈eiyΦ,∇eiXyΦ〉}
=− λ2{ 12(p+1)X(‖Φ‖
2) + 〈eiyΦ,∇eiXyΦ〉}
=− λ2〈eiyΦ,∇eiXyΦ〉.
Therefore, by Lemma 3.3, we have R(Ψ,〈·,·〉) = 0. We also obtain
div
(
(∇Φ)t∇XΦ
)
=12(p+ 1)µX(λ‖Φ‖
2 + µ‖Ψ‖2) + µ2〈e♭i ∧Ψ, (∇eiX)
♭ ∧Ψ〉
=µ2〈e♭i ∧Ψ, (∇eiX)
♭ ∧Ψ〉.
On the other hand, we have
〈∇[X,ei]Φ,∇eiΦ〉 =µ
2{〈(∇Xei)
♭ ∧Ψ, e♭i ∧Ψ〉 − 〈(∇eiX)
♭ ∧Ψ, e♭i ∧Ψ〉}
=µ2{12 (p+ 1)(2p + 1− n)X(‖Ψ‖
2)− 〈e♭i ∧Ψ, (∇eiX)
♭ ∧Ψ〉}
=− µ2〈e♭i ∧Ψ, (∇eiX)
♭ ∧Ψ〉.
Now, using again Lemma 3.3, we have R(Φ,〈·,·〉) = 0 and then (Ψ,Φ) is moreover a pair of
harmoni maps into their respetive sphere bundles. 
5. Examples of harmoni maps
First we reall some notions relative to G-strutures, where G is a subgroup of the linear
group GL(n,R). An n-dimensional manifold M is equipped with a G-struture, if its frame
bundle admits a redution to the subgroup G. If M possesses a G-struture, then there
always exists a G-onnetion dened on M . Moreover, if (M, 〈·, ·〉) is an oriented Riemannian
n-manifold and G is a losed and onneted subgroup of SO(n), then there exists a unique
metri G-onnetion ∇G = ∇+ξG suh that ξG ∈ T ∗M⊗g⊥, where g⊥ denotes the orthogonal
omplement in so(n) of the Lie algebra g of G and ∇ denotes the Levi-Civita onnetion [12℄.
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The tensor ξG is alled the intrinsi torsion of the G-struture and ∇G is said to be the
minimal G-onnetion.
5.1. Nearly Kähler 6-manifolds. An almost Hermitian manifold is a Riemannian 2n-
manifold (M, 〈·, ·〉) endowed with an almost omplex struture J ompatible with the metri.
The presene of suh a struture is equivalent to say thatM is equipped with a U(n)-struture.
Under the ation of U(n), the spae T ∗M ⊗ u(n)⊥ of possible intrinsi torsion tensors ξU(n)
is deomposed into irreduible U(n)-modules:
(1) if n = 1, ξU(1) ∈ T ∗M ⊗ u(1)⊥ = {0};
(2) if n = 2, ξU(2) ∈ T ∗M ⊗ u(2)⊥ = W
U(2)
2 +W
U(2)
4 ;
(3) if n > 3, ξU(n) ∈ T ∗M ⊗ u(n)⊥ = W
U(n)
1 +W
U(n)
2 +W
U(n)
3 +W
U(n)
4 .
where W
U(n)
i are the irreduible U(n)-modules given by Gray and Hervella [19℄. The van-
ishing of U(n)-omponents of ξU(n) gives rise to a natural lassiation of almost Hermit-
ian manifolds. Assoiated with the almost Hermitian struture, it is usually onsidered
the two form ω = 〈·, J ·〉, alled the Kähler form. One an use the U(n)-isomorphism
ξU(n) → −ξU(n)ω = ∇ω to identify the intrinsi U(n)-torsion with ∇ω. Thus, Gray and
Hervella showed onditions expressed by means of ∇ω to haraterise lasses of almost Her-
mitian manifolds.
Eah bre TxM of the tangent bundle an be onsider as a omplex vetor spae by dening
iv = Jv. We will write TxMC when we are regarding TxM as suh a spae. If, for all x ∈M ,
there exists a omplex volume n-form on TxMC dened by
Ψx = (Ψ+)x + i (Ψ−)x ,
suh that Ψ+ and Ψ− are real global dierential n-forms on M ompatible with the almost
Hermitian struture, then M is said to be a speial almost Hermitian manifold (see [27℄
for details). Suh a fat is equivalent to say that M is equipped with an SU(n)-struture.
For higher dimensions, n ≥ 4, the spae T ∗M ⊗ su(n)⊥ is deomposed into ve irreduible
SU(n)-modules W
SU(n)
1 , . . . ,W
SU(n)
5 . The rst four modules are suh that W
SU(n)
i = W
U(n)
i ,
i = 1, . . . , 4, and W
SU(n)
5
∼= T ∗M .
For n = 3, the spae T ∗M ⊗ su(3)⊥ of intrinsi SU(3)-torsion tensors is deomposed into
the following modules ( [8, 27℄)
T ∗M ⊗ su(3)⊥ = W+1 +W
−
1 +W
+
2 +W
−
2 +W
SU(3)
3 +W
SU(3)
4 +W
SU(3)
5 ,
where W+i +W
−
i = W
U(3)
i , i = 1, 2, W
SU(3)
j = W
U(3)
j , j = 3, 4, W
SU(3)
5
∼= T ∗M , W+1
∼= W−1
∼= R
and W+2
∼= W−2
∼= su(3).
When ξU(n) ∈ W
U(n)
1 , the almost Hermitian manifold is alled nearly Kähler. Gray [18℄
showed that any nearly Kähler and non-Kähler 6-manifold is Einstein. Furthermore, the
Einstein onstant ρ is positive. In this ase, one an onsider the 3-form Ψ+ of type (3, 0)
suh that 3w+1 Ψ+ = dω, where 5
(
w+1
)2
= ρ. Now we dene
Ψ− = −Ψ+(J ·, ·, ·)
and x Ψ+ + iΨ− as omplex volume form, obtaining an SU(3)-struture (speial almost
Hermitian struture) on the manifold. Suh an SU(3)-struture is of type W+1 (in this ase
10 J. C. GONZÁLEZ-DÁVILA, F. MARTÍN CABRERA, AND M. SALVAI
the W
SU(3)
5 -part of the intrinsi torsion vanishes, see [27℄). Thus, we will have a two-form ω
and a three-form Ψ+, suh that
∇Xω = w
+
1 XyΨ+, ∇XΨ+ = −w
+
1 X
♭ ∧ ω, ‖ω‖2 = 6, ‖Ψ+‖
2 = 24.
Hene, the onditions ontained in Theorem 4.1 are satised. Then we get
∇∗∇ω = 4
(
w+1
)2
ω, ∇∗∇Ψ+ = 3
(
w+1
)2
Ψ+, R(ω,〈·,·〉) = R(Ψ+,〈·,·〉) = 0.
Additionally, we an also onsider the pair onsisting of the three-form Ψ− and the four-
form ω ∧ ω. Suh forms satisfy
∇XΨ− = ∇JXΨ+ = −w
+
1 JX
♭ ∧ ω = 12w
+
1 Xy(ω ∧ ω),
∇X (ω ∧ ω) = 2w
+
1 (XyΨ+) ∧ ω = −2w
+
1 X
♭ ∧Ψ−,
‖Ψ−‖
2 = 24, ‖ω ∧ ω‖2 = 144.
Now, making use again of Theorem 4.1, we have
∇∗∇Ψ− = 3
(
w+1
)2
Ψ−, ∇
∗∇(ω ∧ ω) = 4
(
w+1
)2
ω ∧ ω, R(Ψ−,〈·,·〉) = R(ω∧ω,〈·,·〉) = 0.
In summary,
Theorem 5.1. For a nearly Kähler 6-manifold, the dierential forms ω, Ψ+, Ψ− and ω ∧ ω
are harmoni maps into their respetive sphere bundles.
5.2. Nearly parallel G2-manifolds. A Riemannian seven-manifoldM admits a G2-strutu-
re if and only if there exists a three-form φ on M , nowhere zero, whih is G2-invariant and it
is loally expressed by
φ =
∑
i∈Z7
e♭i ∧ e
♭
i+1 ∧ e
♭
i+3,
where {e0, . . . , e6} are ertain loal orthonormal frame elds. Suh frames, usually alled
Cayley frames, are adapted to the G2-struture and the seven-form e
♭
0 ∧ · · · ∧ e
♭
6 = V ol is
globally dened and xed as volume form. Thus, orresponding to the volume form there is
a Hodge star operator ∗. The four-form ∗φ is also G2-invariant and loally expressed by
∗φ = −
∑
i∈Z7
e♭i+2 ∧ e
♭
i+4 ∧ e
♭
i+5 ∧ e
♭
i+6.
Assoiated to the G2-struture, we have the minimal G2-onnetion ∇
G2 = ∇ + ξG2 ,
suh that ξG2 ∈ T ∗M ⊗ g⊥2 ⊂ T
∗M ⊗ Λ2T ∗M . In this ase, the ation of G2 deomposes
the spae T ∗M ⊗ g⊥2 of possible intrinsi torsion tensors into four G2-irreduible modules
W
G2
1 , . . . ,W
G2
4 [14℄. If one onsiders the G2-modules of bilinear forms on R
7
equipped with
the usual Eulidean produt 〈·, ·〉, one an show that WG21
∼= R〈·, ·〉, WG22
∼= g2, W
G2
3
∼= S20R
7∗
,
W
G2
4
∼= g⊥2
∼= R7. When ξG2 ∈WG21 , the G2-struture is alled nearly parallel. In suh a ase,
the manifold is Einstein [17℄, ∇Xφ =
k
4Xy ∗ φ, ∇X ∗ φ = −
k
4X
♭ ∧ φ and ρ = k
2
16 is the
Einstein onstant [24℄. Sine 4‖φ‖2 = ‖ ∗φ‖2 = 7.4!, we are in the onditions of Theorem 4.1.
Therefore,
∇∗∇φ = k
2
4 φ = 4ρφ, ∇
∗∇ ∗ φ = k
2
4 ∗ φ = 4ρ ∗ φ, R(φ,〈·,·〉) = R(∗φ,〈·,·〉) = 0.
In summary,
Theorem 5.2. For a nearly parallel G2-manifold, the dierential forms φ and ∗φ are har-
moni maps into their respetive sphere bundles.
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5.3. a-Sasakian manifolds. An almost ontat metri manifold is a Riemannian (2n + 1)-
manifold (M, 〈·, ·〉) equipped with a (1, 1)-tensor ϕ and a one-form η suh that 〈ϕX,ϕY 〉 =
〈X,Y 〉 − η(X)η(Y ) and ϕ2 = −I + η ⊗ ζ, where ζ♭ = η. The presene of the mentioned
tensors on the manifold is equivalent to say that M is endowed with a U(n) × 1-struture,
where U(n) × 1 is onsidered suh that U(n) × 1 ⊆ SO(2n + 1). In this ase, the otangent
spae at eah point T ∗xM is not irreduible under the ation of the group U(n) × 1. In fat,
T ∗xM = Rη + η
⊥
and
so(2n + 1) ∼= Λ2T ∗M ∼= Λ2η⊥ + η⊥ ∧Rη = u(n) + u(n)⊥|ζ⊥ + η
⊥ ∧Rη.
Therefore, for the spae T ∗M ⊗ u(n)⊥ of possible intrinsi U(n)× 1-torsion, we have
T ∗M ⊗ u(n)⊥ = η⊥ ⊗ u(n)⊥|ζ⊥ + η ⊗ u(n)
⊥
|ζ⊥ + η
⊥ ⊗ η⊥ ∧ η + η ⊗ η⊥ ∧ η.
Chinea and González-Dávila [7℄ showed that T ∗M ⊗ u(n)⊥ is deomposed into twelve irre-
duible U(n)-modules C1, . . . ,C12, where
η⊥ ⊗ u(n)⊥|ζ⊥ = C1 + C2 + C3 + C4,
η⊥ ⊗ η⊥ ∧ η = C5 + C8 + C9 + C6 + C7 + C10,
η ⊗ u(n)⊥|ζ⊥ = C11,
η ⊗ η⊥ ∧ η = C12.
Note that C1, . . . ,C4 are the Gray and Hervella's U(n)-modules, i.e., Ci ∼= W
U(n)
i . Further-
more, note that ϕ restrited to ζ⊥ works as an almost omplex struture and, if one onsiders
the U(n)-ation on the bilinear forms
⊗2 η⊥, then we have the deomposition⊗2 η⊥ = R〈·, ·〉|ζ⊥ + su(n)s + σ2,0 + RF + su(n)a + u(n)⊥ζ|⊥ ,
where F is the form, alled the fundamental two-form, dened by F = 〈·, ϕ·〉.
The modules su(n)s (resp., su(n)a) onsist of Hermitian symmetri (resp., skew-symmetri)
bilinear forms orthogonal to 〈·, ·〉|ζ⊥ (resp., F ) and
q
σ2,0
y
(u(n)⊥
|ζ⊥
) is the spae of anti-
Hermitian symmetri (resp., skew-symmetri) bilinear forms. With respet to the modules
Ci, one has η
⊥ ⊗ η⊥ ∧ Rη ∼=
⊗2 η⊥ and, using the U(n)-map ξU(n) → −ξU(n)η = ∇η, it is
obtained
C5
∼= R〈·, ·〉|ζ⊥ , C8
∼= su(n)s, C9 ∼=
q
σ2,0
y
, C6 ∼= RF, C7 ∼= su(n)a, C10 ∼= u(n)
⊥
|ζ⊥ .
In summary, under the ation of U(n) × 1, the spae of possible intrinsi torsion tensors
T
∗M ⊗ u(n)⊥ is deomposed into:
(1) if n = 1, ξU(1) ∈ T∗M ⊗ u(1)⊥ = C5 + C6 + C9 + C12;
(2) if n = 2, ξU(2) ∈ T∗M ⊗ u(2)⊥ = C2 + C4 + · · ·+ C12;
(3) if n > 3, ξU(n) ∈ T∗M ⊗ u(n)⊥ = C1 + · · · + C12.
Here, we will onsider the partiular ase that the intrinsi U(n) × 1-torsion is ontained
in C6. In suh a ase, M is alled an a-Sasakian manifold (Sasakian when a=1) and it is
haraterised by the ondition
∇XF = −aX
♭ ∧ η.
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Note that d
∗F (ζ) = 2na, where d∗ means the oderivative. Moreover, if n ≥ 2, then a is
onstant [23℄.
Sine for almost ontat metri manifolds one has (∇Xη)Y = (∇XF ) (ζ, ϕY ), then, for an
a-Sasakian manifold, it follows ∇Xη = aXyF .
Now, we onsider a-Sasakian (2n+ 1)-manifolds, n ≥ 2, and the pairs of dierential forms
(η ∧ F r, F r+1), where 0 ≤ r ≤ n and F r = F∧ (r). . . ∧F . Suh pairs satisfy
∇X (η ∧ F
r) = 1r+1 aXyF
r+1, ∇XF
r+1 = −(r + 1)aX♭ ∧ η ∧ F r.
Thus, they satisfy the onditions required in Theorem 4.1. Note that ‖η ∧ F r‖2 = (2r+1)!r!n!(n−r)!
and ‖F r+1‖2 = (2(r+1))!(r+1)!n!(n−r−1)! . Therefore, we get
∇∗∇ (η ∧ F r) = 2(n− r)a2η ∧ F r, ∇∗∇F r+1 = 2(r + 1)a2F r+1,
R(η∧F r ,〈·,·〉) = R(F r+1,〈·,·〉) = 0.
In summary,
Theorem 5.3. For an a-Sasakian (2n+1)-manifold, the dierential forms η∧F r and F r+1,
0 ≤ r ≤ n, are harmoni maps into their respetive sphere bundles.
Note that, in general, a-Sasakian manifolds are not Einstein. Diverse interesting aspets of
the so-alled Sasakian-Einstein manifolds an be found in [4, 5℄.
5.4. 3-a-Sasakian manifolds. A (4n+3)-manifolds M is said to be endowed with an almost
ontat metri 3-struture, ifM has a Riemannian metri 〈·, ·〉 and three almost ontat metri
strutures (ϕi, ζi, ηi), i = 1, 2, 3, satisfying
ηi(ζj) = δij , ϕi(ζj) = −ϕj(ζi) = ζk, ηi ◦ ϕj = −ηj ◦ ϕi = ηk,
ϕi ◦ ϕj − ηj ⊗ ζi = −ϕj ◦ ϕi − ηi ⊗ ζj = ϕk, 〈ϕiX,ϕiY 〉 = 〈X,Y 〉 − ηi(X)ηi(Y ),
for all yli permutation (ijk) of (123). In the language of G-strutures, one says that
the manifold is equipped with an Sp(n) × I3-struture. Here, it is onsidered Sp(n) × I3 ⊆
SO(4n)× I3 ⊆ SO(4n + 3).
Now, we will onsider (4n+3)-manifolds endowed with an almost ontat metri 3-struture
suh that the three strutures are a-Sasakian. If ai is the onstant orresponding to the
struture i, i = 1, 2, 3, it is immediate to show that a1 = a2 = a3 = a. In this ase, the
manifold is alled a 3-a-Sasakian manifold (3-Sasakian, when a = 1). Kashiwada [22℄ proved
that 3-Sasakian manifolds are Einstein, being ρ = 2(2n + 1) the Einstein onstant.
On 3-a-Sasakian manifolds, we onsider the pair of dierential forms (Ψ(r),Ω(r)), where
Ψ(r) =
∑3
i=1 ηi ∧ F
r
i , Ω
(r) =
∑3
i=1 F
r+1
i .
The tensors Ω and Ψ are of onstant length and
∇XΨ
(r) = − ar+1XyΩ
(r), ∇XΩ
(r) = (r + 1)aX ∧Ψ(r).
Now, making use of Theorem 4.1, we have
∇∗∇Ψ(r) = 2(2n + 1− r)a2Ψ(r), ∇∗∇Ω(r) = 2(r + 1)a2Ω(r), R(Ψ(r),〈·,·〉) = R(Ω(r),〈·,·〉) = 0.
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Another pair of dierential forms to be onsidered onsists of +123ijk ηi ∧ Fj ∧ Fk and
F1 ∧ F2 ∧ F3, where + denotes yli sum over the listed elements. For suh forms, we have
∇X
(
+123ijk ηi ∧ Fj ∧ Fk
)
= −aXy (F1 ∧ F2 ∧ F3)
and
∇X (F1 ∧ F2 ∧ F3) = aX ∧
(
+123ijk ηi ∧ Fj ∧ Fk
)
.
Sine these forms are of onstant length, we an use Theorem 4.1. Therefore,
∇∗∇
(
+123ijk ηi ∧ Fj ∧ Fk
)
= 2(2n − 1)a2
(
+123ijk ηi ∧ Fj ∧ Fk
)
,
∇∗∇ (F1 ∧ F2 ∧ F3) = 6a
2F1 ∧ F2 ∧ F3,
R
( +123ijk ηi∧Fj∧Fk,〈·,·〉)
= R(F1∧F2∧F3,〈·,·〉) = 0.
Now, we onsider the pair ηi ∧Fj + ηj ∧Fi and Fi ∧Fj , where i 6= j. Sine these forms are
of onstant length and
∇X (ηi ∧ Fj + ηj ∧ Fi) = −aXy(Fi ∧ Fj), ∇X (Fi ∧ Fj) = aX ∧ (ηi ∧ Fj + ηj ∧ Fi) ,
then, by Theorem 4.1,
∇∗∇ (ηi ∧ Fj + ηj ∧ Fi) = 4na
2 (ηi ∧ Fj + ηj ∧ Fi) , ∇
∗∇(Fi ∧ Fj) = 4a
2Fi ∧ Fj ,
R(ηi∧Fj+ηj∧Fi,〈·,·〉) = R(Fi∧Fj ,〈·,·〉) = 0.
In summary,
Theorem 5.4. For a 3-a-Sasakian (4n + 3)-manifold, the dierential forms
∑3
i=1 ηi ∧ F
r
i ,∑3
i=1 F
r+1
i , +
123
ijk ηi∧Fj ∧Fk, F1∧F2∧F3, ηi∧Fj+ηj ∧Fi and Fi∧Fj , where 0 ≤ r ≤ 2n+1
and (ijk) is a yli permutation of (123), are harmoni maps into their respetive sphere
bundles.
Finally, for 3-a-Sasakian manifolds, we will also nd some dierential forms whih are
eigenvetors with respet to the onnetion Laplaian and they do not follow the sheme
ontained in Theorem 4.1. In fat, we will disuss the harmoniity as a map of suh forms by
applying Lemma 3.3. For instane, let us onsider the three-form
ϑ = (2n+ 3)η1 ∧ η2 ∧ η3 +
∑3
i=1 ηi ∧ Fi.
If {e1, . . . , e4n, e4n+1, e4n+2, e4n+3} is a loal orthonormal frame eld suh that at x ∈ M is
the basis for vetors {e1 x, . . . , e4n x, e4n+1 x = ζ1x, e4n+2 x = ζ2x, e4n+3 x = ζ3x} adapted to
the 3-Sasakian struture and (∇eiej)x = 0, then
∇∗∇η1 ∧ η2 ∧ η3 = 12(n + 1)a
2η1 ∧ η2 ∧ η3 + 4a
2
∑3
i=1 ηi ∧ Fi.
Now, from this last identity, ∇∗∇Ψ(1) = 4nΨ(1) and using the identities∑4n+3
r=1 (ery(er ∧ ηi) = 2(2n + 1)ηi,
∑4n+3
r=1 (eryFi) ∧ (eryFj) = −2Fk − ηi ∧ ηj , (5.9)
a straightforward omputation shows that ∇∗∇ϑ = 12(n + 1)a2ϑ.
Now we ompute R(ϑ,〈·,·〉). One an dedue that ϑ is of onstant length and
〈∇Xϑ,∇Y ϑ〉 = 18(4n
2 + 10n + 3)a2〈X,Y 〉 − 6(12n2 + 26n + 9)a2
∑3
i=1 ηi(X)ηi(Y ).
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Now, making use of Lemma 3.3, we have
R(ϑ,〈·,·〉) = 6(12n
2 + 26n + 9)a2
∑4n
i=1
∑3
j=1
(
ηj(∇ζjei)e
♭
i − 〈∇eiζj, ei〉ηj
)
.
But, for 3-a-Sasakian manifolds, one obtains
∇ζi = a
∑n
s=1
(
ϕie
♭
s ⊗ es − e
♭
s ⊗ ϕies + ϕje
♭
s ⊗ ϕkes − ϕke
♭
s ⊗ ϕjes
)
+ a(ηk ⊗ ζj − ηj ⊗ ζk),
where (ijk) is a yli permutation of (123). Therefore, for i = 1, . . . , 4n and j = 1, 2, 3, it
follows
ηj(∇ζjei) = 〈∇eiζj, ei〉 = 0, (5.10)
and, as a onsequene, R(ϑ,〈·,·〉) = 0.
In the same ontext of 3-a-Sasakian manifolds, we have
∇X
(
+123ijk ηi ∧ ηj ∧ Fk
)
= a +123ijk ηi ∧ (XyFj) ∧ Fk − a +
123
ijk ηi ∧ Fj ∧ (XyFk)
−3aX♭ ∧ η1 ∧ η2 ∧ η3.
From this identity we get
∇es p
(
∇es
(
+123ijk ηi ∧ ηj ∧ Fk
))
= 2a2 +123ijk (esyFi) ∧ (esyFj) ∧ Fk
−2a2 +123ijk ηi ∧ esy(es ∧ ηj) ∧ Fk
−5a2 +123ijk ηi ∧ ηj ∧ es ∧ (esyFk).
Thus, taking Equations (5.9) into aount, we obtain
∇∗∇
(
+123ijk ηi ∧ ηj ∧ Fk
)
= 8(n + 2)a2 +123ijk ηi ∧ ηj ∧ Fk + 4a
2Ω(1).
Now, sine ∇∗∇Ω(1) = 4Ω(1), it follows
∇∗∇
(
Ω(1) + (2n+ 3) +123ijk ηi ∧ ηj ∧ Fk
)
= 8(n+ 2)a2
(
Ω(1) + (2n + 3) +123ijk ηi ∧ ηj ∧ Fk
)
.
Writing Ψ = Ω(1) + (2n + 3) +123ijk ηi ∧ ηj ∧ Fk, it is straightforward to hek
〈∇XΨ,∇YΨ〉 = 6(4n + 1)a
2〈X,Y 〉 − 6a2
∑3
i=1 ηi(X)ηi(Y ).
Now, making use of Lemma 3.3, we have
R(Ψ,〈·,·〉) = 6a
2
∑4n
i=1
∑3
j=1
(
ηj(∇ζjei)e
♭
i − 〈∇eiζj, ei〉ηj
)
.
Again, using Equation (5.10) and the fat that Ψ is of onstant length, we obtain R(Ψ,〈·,·〉) = 0.
Finally, sine for 3-a-Sasakian manifolds we have
∇X(ηi ∧ ηj) = a(XyFi) ∧ ηj + ηi ∧ (XyFj),
∇es p (∇es(ηi ∧ ηj)) = a
2(2(esyFi) ∧ (esyFj)− 2ηi ∧ ηj + ηi(es)e
♭
s ∧ ηj + ηj(es)ηi ∧ e
♭
s),
we obtain ∇∗∇(ηi ∧ ηj) = 2a
2(2Fk + (4n + 3)ηi ∧ ηj). As a onsequene, for any (ijk) yli
permutation, we have
∇∗∇(Fk + (2n+ 1)ηi ∧ ηj) = 2(4n + 3)a
2(Fk + (2n + 1)ηi ∧ ηj).
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Moreover, it is diret to hek that
〈∇X(Fk + (2n + 1)ηi ∧ ηj),∇Y (Fk + (2n + 1)ηi ∧ ηj)〉 =2(2(2n + 1)
2 + 1)a2〈X,Y 〉
− 2(2n2 + 2n + 1)a2
∑3
i=1 ηi(X)ηi(Y ).
Therefore, using Lemma 3.3 and Equation (5.10), we get
R(Fk+(2n+1)ηi∧ηj ,〈·,·〉) = 2(2n
2 + 2n + 1)a2
∑4n
i=1
∑3
j=1
(
ηj(∇ζjei)e
♭
i − 〈∇eiζj, ei〉ηj
)
= 0.
In summary,
Theorem 5.5. For a 3-a-Sasakian (4n+ 3)-manifold, the dierential forms
(2n + 3)η1 ∧ η2 ∧ η3 +
∑3
i=1 ηi ∧ Fi,∑3
i=1 Fi ∧ Fi + (2n + 3) +
123
ijk ηi ∧ ηj ∧ Fk,
Fk + (2n+ 1)ηi ∧ ηj ,
where (ijk) is a yli permutation of (123), are harmoni maps into their respetive sphere
bundles.
5.5. b-Kenmotsu manifolds. Next we will onsider almost ontat metri manifolds M
suh that the intrinsi U(n) × 1-torsion is ontained in C5. In suh a ase, M is known as a
b-Kenmotsu manifold and it is haraterised by the ondition
∇XF = bη ∧ (XyF ).
Note that ∇Xη = −bX
♭ + bη(X)η and div ζ = −d∗η = −2nb, where d∗ stands for the
oderivative as we have pointed out above. The exterior derivative will be denoted by d. For
b-Kenmotsu manifolds, η is losed and b is a funtion suh that db = fη [23℄.
Proposition 5.6. For b-Kenmotsu manifolds, we have:
∇∗∇(F r) = 2rb2F r,
R(F r ,〈·,·〉) = 2rb‖F
r‖2(rb2 − f)η,
∇∗∇(η ∧ F r) = 2(n− r)b2η ∧ F r,
R(η∧F r ,〈·,·〉) = 2(2r + 1)(n − r)‖F
r‖2b(b2 − f)η,
where 0 ≤ r ≤ n. Moreover, we also have:
(a) R(F r ,〈·,·〉) = 0 if and only if one of the following equivalent onditions is satised:
(i) db(ζ) = rb2,
(ii) 2n grad (div (ζ)) = −rdiv2 (ζ)ζ,
(iii) 2n∆η = r(d∗η)2η;
(b) R(η∧F r ,〈·,·〉) = 0 if and only if one of the following equivalent onditions is satised:
(i) db(ζ) = b2,
(ii) 2n grad (div (ζ)) = −div2 (ζ)ζ,
(iii) 2n∆η = (d∗η)2η;
where ∆ denotes the Hodge Laplaian, ∆ = dd∗ + d∗d.
Note that R(F r ,〈·,·〉) and R(η∧F r ,〈·,·〉) are always losed and, in partiular, if div ζ = −d
∗η =
−2nb is a non-zero onstant, then R(F r ,〈·,·〉) and R(η∧F r ,〈·,·〉) are nowhere zero.
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Proof. By straightforward omputation we obtain the expressions for ∇∗∇(F r) and ∇∗∇(η∧
F r). Furthermore, from the identities
〈∇XF
r,∇Y F
r〉 = r
2
n b
2‖F r‖2(〈X,Y 〉 − η(X)η(Y ))
and
〈∇X(η ∧ F
r),∇Y (η ∧ F
r)〉 = (2r+1)(n−r)n b
2‖F r‖2(〈X,Y 〉 − η(X)η(Y )),
using Lemma 3.3, the expressions for R(F r ,〈·,·〉) and R(η∧F r ,〈·,·〉) follow. From these last ex-
pressions the remaining parts of Proposition are immediately dedued. 
Example 5.7. The one-form η is losed for b-Kenmotsu manifolds. This implies that one
has loal oordinates (x1, . . . , x2n, x2n+1) suh that dx2n+1 = η. If k is a onstant, we have:
(a) F r is a harmoni map if and only if
b(x1, . . . , x2n, x2n+1) = −
1
r(x2n+1 + k)
,
(b) η ∧ F r is a harmoni map if and only if
b(x1, . . . , x2n, x2n+1) = −
1
x2n+1 + k
.
In [23℄, Marrero onsiders the produt manifold M = L × V , where L is S1 or an open
interval, and (V, J, 〈·, ·〉V ) is a Kähler 2n-manifold. Let E be a nowhere vanishing vetor eld
on L and σ a positive funtion on L. Taking
ϕ(cE,X) = (0, JX), ζ = (E, 0), 〈(cE,X), (dE, Y )〉 = cd+ σ〈X,Y 〉V ,
where c,d are funtions on L and X,Y are vetor elds on V , a b-Kenmotsu struture is
obtained, b = −12d(lnσ)(E). In partiular, we onsider L as an open interval and E =
∂
∂t ,
where t is the oordinate. For K and C 6= 0 onstants, two interesting partiular ases are:
(a)
′
If we hoose σ = C(t + K)
2
r
, we will obtain that F r is a harmoni map into sphere
bundle. In fat, one heks that b = − 1
r(t+K) and db(ζ) = rb
2 = 1
r(t+K)2
.
(b)
′
If we hoose σ = C(t + K)2, we will obtain that η ∧ F r is a harmoni map into a
sphere bundle. In fat, one obtains b = − 1t+K and db(ζ) = b
2 = 1(t+K)2 .
5.6. Loally onformal parallel p-forms. Throughout this subsetion, we are assuming
that Ψ is a p-form of onstant length.
Denition 5.8. A p-form Ψ on a Riemannian n-manifold M is said to be loally onformal
parallel, if there exists a losed one-form θ on M suh that
∇XΨ = X
♭ ∧ (θ♯yΨ)− θ ∧ (XyΨ), (5.11)
for all X ∈ X(M). We will refer to the one-form θ as the Lee form of Ψ.
The following results will be useful in examples.
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Proposition 5.9. If Ψ is a loally onformal parallel p-form on a Riemannian n-manifold
M with Lee form θ, then its oderivative d∗Ψ and its rough Laplaian ∇∗∇Ψ are respetively
given by
d∗Ψ = (p − n)θ♯yΨ,
∇∗∇Ψ = p‖θ‖2Ψ+ (n− 2p)θ ∧ (θ♯yΨ).
In partiular, if 2p = n, then Ψ is a harmoni setion of its orresponding sphere bundle.
Proof. The expression for d∗Ψ is obtained by a diret omputation. In order to ompute
(∇∗∇Ψ)m, for m ∈M , we will onsider a loal orthonormal frame eld {e1, . . . , en} suh that
(∇eiej)m = 0. Thus, beause Ψ is loally onformal parallel, we have
(∇∗∇Ψ)m = −e
♭
i ∧ (θ
♯y(∇eiΨ))− e
♭
i ∧ ((∇eiθ)
♯yΨ) +∇eiθ ∧ (eiyΨ)− θ ∧ d
∗Ψ.
Now, using the expression for ∇Ψ given in (5.11) and the identities ei ∧ (eiyΨ) = pΨ and
e♭i ∧ θ ∧ (θ
♯y(eiyΨ)) = (p− 1)θ ∧ (θ
♯yΨ), we obtain
−e♭i ∧ (θ
♯
y(∇eiΨ)) = −pθ ∧ (θ
♯
yΨ) + p‖θ‖2Ψ.
Moreover, beause θ is losed, we have (∇Xθ)(Y ) = (∇Y θ)(X) and it is not hard to see that
e♭i ∧ ((∇eiθ)
♯yΨ) = ∇eiθ ∧ (eiyΨ).
Finally, from all this, the required expression for ∇∗∇Ψ follows. 
In the examples below, in order to apply Lemma 3.3, we will need to ompute 〈∇XΨ,∇YΨ〉.
For doing this we will use (5.11) to obtaine the expression
〈∇XΨ,∇YΨ〉 = p‖θ
♯yΨ‖2〈X,Y 〉+ p‖θ‖2〈XyΨ, Y yΨ〉 (5.12)
−pθ(X)〈θ♯yΨ, Y yΨ〉 − pθ(Y )〈θ♯yΨ,XyΨ〉
−2p(p − 1)〈Xy(θ♯yΨ), Y y(θ♯yΨ)〉.
Example 5.10 (Loally onformal Kähler manifolds). An almost Hermitian 2n-manifold
(M, 〈·, ·〉, J) of type W4 is haraterised by the ondition that its Kähler two-form is given by
∇Xω = X
♭ ∧ (θ♯yω)− θ ∧ (Xyω).
From this identity and the nature of ω, one an dedue that θ has to be losed. Thus, ω is a
loally onformal parallel two-form.
Proposition 5.11. If the Lee form θ of ω is not zero somewhere and r < n, then ωr is a
harmoni setion of its orresponding sphere bundle if and only if 2r = n.
Proof. Diret omputations show that
‖ωr‖2 = (2r)!r!n!(n−r)! , ‖Xyω
r‖2 = (2r)!r!n!2n(n−r)!‖X‖
2. (5.13)
Moreover, sine ∇Xω
r = X♭ ∧ (θ♯yωr)− θ ∧ (Xyωr), it follows from Proposition 5.9 that
∇∗∇ωr = 2r‖θ‖2ωr + 2(n − 2r)θ ∧ (θ♯yωr).
Additionally, if ∇∗∇ωr = fωr, taking into aount that 〈X♭ ∧ β, γ〉 = p〈β,Xyγ〉 into aount
for any (p − 1)-form β and p-form γ, we have
f‖ωr‖2 = 2r‖θ‖2‖ωr‖2 + 4r(n− 2r)‖θ♯yωr‖2.
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Now, making use of (5.13), we obtain
f = 4r(n−r)n ‖θ‖
2. (5.14)
On the other hand, if we onsider a loal adapted orthonormal frame {e1, Je1, . . . , en, Jen}
suh that θ = ‖θ‖e1, by omputing ∇
∗∇ωr(e1, Je1, . . . , er, Jer), we have
2r‖θ‖2r! + 2(n − 2r)‖θ‖2r! = fr!.
Therefore, f = 2(n − r)‖θ‖2. From this and (5.14), it follows n = 2r. 
In order to ompute 〈∇Xω
r,∇Y ω
r〉, a straightforward omputation shows that
〈Xy(θyωr), Y y(θyωr)〉 = rr!(2r−2)!(n−2)!(n−r)!
{
(r − 1)‖θ‖2〈X,Y 〉
−(r − 1)θ(X)θ(Y ) + (n− r)Jθ(X)Jθ(Y )} .
From this, (5.12) and (5.13), we obtain
〈∇Xω
r,∇Y ω
r〉 = 2r r!(2r)!(n−2)!(n−r−1)! (‖θ‖
2〈X,Y 〉 − θ(X)θ(Y )− Jθ(X)Jθ(Y )).
Finally, hoosing a loal orthonormal frame eld as above suh that θ = ‖θ‖e1, we will have
‖θ‖div(e1) = −d
∗θ − d(‖θ‖)(e1) and ‖θ‖div(Je1) = −d
∗(Jθ) − d(‖θ‖)(Je1). Moreover, sine
θ is losed, then ∇θ♯θ = ‖θ‖d(‖θ‖). Taking all this into aount and the fat that 2r = n as
well, and making use of Lemma 3.3, we will obtain
R(ωr ,〈·,·〉) =
1
2(n− 1)(n!)
2
(
−(n− 2)d(‖θ‖2) + d∗θ θ + d∗(Jθ)Jθ +∇Jθ♯Jθ
)
.
In partiular, if the Lee form θ is parallel, then it is not hard to see that ∇Jθ♯Jθ = 0 and
d∗(Jθ) = d∗ω(θ♯) = 2(n− 1)Jθ(θ♯) = 0. Therefore, R(ωr ,〈·,·〉) = 0.
Theorem 5.12. For a loally onformal Kähler 4n-manifold, ωn is a harmoni map into its
sphere bundle if and only if
(n− 2)d(‖θ‖2) = (d∗θ) θ + d∗(Jθ)Jθ +∇Jθ♯Jθ,
where θ is the Lee form of ω. In partiular, if θ is parallel, then ωn is a harmoni map into
its sphere bundle.
Hopf manifolds are dieomorphi to S1 × S2m−1 and admit a loally onformal Kähler
struture with parallel Lee form θ [32℄. Furthermore, θ is nowhere zero. In partiular, if
m = 2n, then S1 × S4n−1 satises the onditions of last Theorem. In general, if we onsider
a Sasakian (4n − 1)-manifold M , then the produt manifold R ×M an be equipped with a
loally onformal Kähler struture satisfying the onditions of Theorem 5.12.
Example 5.13 (Loally onformal parallel Spin(7)-manifolds). Now, let us onsider R8 en-
dowed with an orientation and its standard inner produt. Let {e, e0, ..., e6} be an oriented
orthonormal basis. Consider the four-form Φ on R8 given by
Φ =
∑
i∈Z7
e ∧ ei ∧ ei+1 ∧ ei+3 − σ
∑
i∈Z7
ei+2 ∧ ei+4 ∧ ei+5 ∧ ei+6, (5.15)
where σ is a xed onstant suh that σ = +1 or σ = −1, and + in the subindexes means the
sum in Z7. We x e ∧ e0 ∧ · · · ∧ e6 =
σ
14Φ ∧ Φ as a volume form.
The subgroup of GL(8,R) whih xes Φ is isomorphi to the double overing Spin(7) of
SO(7) [20℄. Moreover, Spin(7) is a ompat simply-onneted Lie group of dimension 21 [6℄.
HARMONICITY OF SECTIONS OF SPHERE BUNDLES 19
The Lie algebra spin(7) of Spin(7) is isomorphi to the skew-symmetri two-forms ψ satisfying
the linear equations
σψ(ei, e) + ψ(ei+1, ei+3) + ψ(ei+4, ei+5) + ψ(ei+2, ei+6) = 0,
for all i ∈ Z7. Shortly, spin(7) ∼= {ψ ∈ Λ
2T ∗M | ∗ (ψ ∧ Φ) = ψ}, where ∗ is the Hodge
star operator. The orthogonal omplement spin(7)⊥ of spin(7) in Λ2R8∗ = so(8) is the seven-
dimensional spae generated by
βi = σei ∧ e+ ei+1 ∧ ei+3 + ei+4 ∧ ei+5 + ei+2 ∧ ei+6, (5.16)
where i ∈ Z7. Equivalently, spin(7)
⊥
is desribed as the spae onsisting of those skew-
symmetri two-forms ψ suh that ∗(ψ ∧ Φ) = −3ψ.
A Spin(7)-struture on an eight-manifold M8 is by denition a redution of the struture
group of the frame bundle to Spin(7); we shall also say thatM is a Spin(7)-manifold. This an
be geometrially desribed by saying that there exists a nowhere vanishing global dierential
four-form Φ on M8 and a loal frame {e, e0, . . . , e6} suh that the four-form Φ an be loally
written as in (5.15). The four-form Φ is alled the fundamental form of the Spin(7)-manifold
M [2℄ and the loal frame {e, e0, . . . , e6} is alled a Cayley frame.
The fundamental form of a Spin(7)-manifold determines a Riemannian metri 〈·, ·〉 through
〈X,Y 〉 = −17 ∗ ((XyΦ) ∧ ∗ (Y yΦ)) [16℄. Thus, 〈·, ·〉 is alled the metri indued by Φ. Any
Cayley frame beomes an orthonormal frame with respet to suh a metri.
There are four lasses of Spin(7)-manifolds given by Fernández in [13℄. They are obtained
as irreduible Spin(7)-representations of the spaeW ∼= R8∗⊗spin(7)⊥ of all possible ovariant
derivatives ∇Φ. The Lee form θ is dened by
θ = −17 ∗ (∗dΦ ∧ Φ) =
1
7 ∗ (d
∗Φ ∧ Φ). (5.17)
Alternatively, the lassiation an be desribed in terms of the Lee form as follows : W 0 :
dΦ = 0; W 1 : θ = 0; W 2 : dΦ = θ ∧Φ; W : W = W 1 +W 2 [25℄.
A Spin(7)-struture of the lass W 2 is alled a loally onformal parallel Spin(7)-struture.
This is motivated by the fat that the Lee form of a Spin(7)-struture in the lassW 2 is losed.
Therefore, suh a manifold is loally onformal to a parallel Spin(7)-manifold. Furthermore,
the ovariant derivative ∇Φ for suh manifolds is given by
4∇XΦ = X
♭ ∧ (θ♯yΦ)− θ ∧ (XyΦ). (5.18)
Theorem 5.14. The fundamental form Φ of a loally onformal parallel Spin(7)-struture
is a harmoni setion of its orresponding sphere bundle. Furthermore, if θ denotes the Lee
form of the Spin(7)-struture, then Φ is a harmoni map into its sphere bundle if and only if
(d∗θ) θ = 3d
(
‖θ‖2
)
.
In partiular, sine the Spin(7)-struture dened on the produt of spheres S1 × S7 in [25℄
is loally onformal parallel being the Lee form parallel, the orresponding four-form Φ on
S1 × S7 is a harmoni map into its sphere bundle.
Proof of Theorem 5.14. From Proposition 5.9 and Equation (5.18), we have∇∗∇Φ = 14‖θ‖
2Φ.
Additionally, straightforward omputations show that
〈XyΦ, Y yΦ〉 = 42〈X,Y 〉,
〈Xy(θ♯yΦ), Y y(θ♯yΦ)〉) = 6
(
‖θ‖2〈X,Y 〉 − θ(X)θ(Y )
)
.
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Now, using these identities in Equation (5.12), we obtain
〈∇XΦ,∇Y Φ〉 = 12
(
‖θ‖2〈X,Y 〉 − θ(X)θ(Y )
)
.
Finally, making use of Lemma 3.3, we get
R(Φ,〈·,·〉) = 12
(
(d∗θ) θ − 3d(‖θ‖2)
)
.
This onludes the proof. 
Example 5.15 (Loally onformal quaternion-Kähler manifolds). A 4n-dimensional manifold
M is said to be almost quaternion-Hermitian, ifM is equipped with an Sp(n)Sp(1)-struture.
This is equivalent to the presene of a Riemannian metri 〈·, ·〉 and a rank-three subbundle
G of the endomorphism bundle End TM , suh that loally G has an adapted basis I, J,K
satisfying I2 = J2 = −1 and K = IJ = −JI, and 〈AX,AY 〉 = 〈X,Y 〉, for all X,Y ∈ TxM
and A = I, J,K. An almost quaternion-Hermitian manifold with a global adapted basis is
alled an almost hyperhermitian manifold. In suh a ase the manifold is equipped with an
Sp(n)-struture.
One may dene a global, non-degenerate four-form Ω, the fundamental form, by the loal
formula
Ω =
∑
A=I,J,K
ωA ∧ ωA, (5.19)
where ωA(X,Y ) = 〈X,AY 〉, A = I, J,K, are the three loal Kähler-forms orresponding to
an adapted basis.
To desribe the intrinsi torsion of almost quaternion-Hermitian manifolds, it is usually
used the E-H-formalism of [26, 30℄. Thus, E is the fundamental representation of Sp(n) on
C
2n ∼= Hn via left multipliation by quaternioni matries, onsidered in GL(2n,C), and H
is the representation of Sp(1) on C2 ∼= H given by q.ζ = ζq, for q ∈ Sp(1) and ζ ∈ H. An
Sp(n)Sp(1)-struture on a manifold M gives rise to loal bundles E and H assoiated to these
representations and identies TM ⊗R C ∼= E⊗CH.
The intrinsi Sp(n)Sp(1)-torsion ξ, n > 1, is in T ∗M⊗(sp(n) + sp(1))⊥. The deomposition
of the spae of possible intrinsi torsion tensors into irreduible Sp(n)Sp(1)-modules was
obtained by Swann in [30℄ and is given by
T ∗M ⊗ (sp(n) + sp(1))⊥ = Λ30 ES
3
H+KS3H+ES3H+Λ30 EH+KH+EH, (5.20)
where Λ30 E and K are ertain irreduible Sp(n)-modules and S
3
H means the symmetri 3-
power of H (see [26℄ for details). If the dimension of M is at least 12, all the modules of the
sum are non-zero. For an eight-dimensional manifold M , we have Λ30 ES
3
H = Λ30 EH = {0}.
Therefore, for dimM ≥ 12 and dimM = 8, we have respetively 26 = 64 and 24 = 16 lasses
of almost quaternion-Hermitian manifolds. In [26℄, by the identiation ξ → −ξΩ = ∇Ω,
expliit onditions haraterising these lasses were given. So that they are expressed in
terms of ∇Ω. However, from suh onditions, it is not hard to derive desriptions for the
Sp(n)Sp(1)-omponents of ξ.
A loally onformal quaternion-Kähler 4n-manifold is an almost quaternion Hermitian man-
ifold suh that its intrinsi torsion ξ is in EH. This is equivalent to say that
∇XΩ = X
♭ ∧ (θ♯yΩ)− θ ∧ (XyΩ),
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where the Lee form θ is given by
θ = 14(n−1)(2n+1) ∗ (∗dΩ ∧ Ω).
Beause of the nature of Ω, from dΩ = 4θ ∧ Ω, one dedues that θ has to be losed. From
Proposition 5.9 the next result follows.
Theorem 5.16. For a loally onformal quaternion-Kähler 8n-manifold, Ωn is a harmoni
setion of its orresponding sphere bundle.
Referenes
[1℄ D. E. Blair, Riemannian geometry of ontat and sympleti manifolds, Progress in Math. vol 203,
Birkhäuser, 2002.
[2℄ E. Bonan, Sur le variétés riemanniennes a groupe d'holonomie G2 ou Spin(7), C. R. Aad. Si. Paris 262
(1966), 127129.
[3℄ C. Boyer and K. Galiki, 3-Sasakian manifolds, Surveys in dierential geometry: essays on Einstein
manifolds, Surv. Dier. Geom. VI, Int. Press, Boston, MA (1999), 123184. hep-th/9810250
[4℄ and , On Sasakian-Einstein Geometry, Int. J. Math. 11 (2000), 873-909.
[5℄ , and M. Nakamaye, On the Geometry of Sasakian-Einstein 5-Manifolds, Math. Ann. 325
(2003), 485-524.
[6℄ R. Bryant, Metris with exeptional holonomy, Ann. Math. 126 (1987), 525576.
[7℄ D. Chinea and J. C. González-Dávila, A lassiation of almost ontat metri manifolds, Ann. Mat.
Pura Appl. (4) 156 (1990), 1536.
[8℄ S. Chiossi and S. Salamon, The intrinsi torsion of SU(3) and G2-strutures, Dierential Geometry,
Valenia 2001, World Si. Publishing (2002), 115133.
[9℄ J. Eells and L. Lemaire, A report on harmoni maps, Bull. London Math. So. 10 (1978), 1-68.
[10℄ and , Another report on harmoni maps, Bull. London Math. So. 20 (1988), 385-524.
[11℄ and J. H. Sampson, Harmoni mappings of Riemannian manifolds, Amer. J. Math. 86 (1964),
109-160.
[12℄ R. Cleyton and A. F. Swann, Einstein metris via intrinsi or parallel torsion, Math. Z. 247 no. 3 (2004),
513528.
[13℄ M. Fernández, A lassiation of Riemannian manifolds with struture group Spin(7), Ann. Mat. Pura
Appl. 143 (1982), 101122.
[14℄ and A. Gray, Riemannian manifolds with struture group G2, Ann. Mat. Pura Appl. (IV), 32
(1982), 1945.
[15℄ O. Gil-Medrano, J. C. González-Dávila and L. Vanheke, Harmoniity and minimality of oriented distri-
butions, Israel Journal of Math. 143 (2004), 253-279.
[16℄ A. Gray, Vetor ross produt on manifolds, Trans. Amer. Math. So. 141 (1969), 463-504, Corretion
148 (1970), 625.
[17℄ , Weak holonomy groups, Math. Z., 123 (1971), 290-300.
[18℄ , The struture of nearly Kähler manifolds, Math. Ann. 223 (1976), 233248..
[19℄ A. Gray and L. M. Hervella, The sixteen lasses of almost Hermitian manifolds and their linear invariants,
Ann. Mat. Pura Appl. (4) 123 (1980), 3558.
[20℄ R. Harvey and H. B. Lawson, Calibrated geometries, Ata Math. 148 (1982), 47-157.
[21℄ H. B. Lawson and M. L. Mihelsohn, Spin Geometry, Prineton University Press, 1989.
[22℄ T. Kashiwada, A note on a Riemannian spae with Sasakian 3-struture, Nat. Si. Reps. Ohanomizu
Univ. 22 (1971), 1-2.
[23℄ J. C. Marrero, The Loal Struture of Trans-Sasakian Manifolds, Ann. Mat. Pura Appl. (4) 162 (1992),
5586.
[24℄ F. Martín Cabrera, On Riemannian manifolds with G2-strutures, Boll. Unione Mat. It. (7) 9 A (1996),
99112.
[25℄ , On Riemannian manifolds with Spin(7)-struture, Publ. Math. Debreen 46 (3-4) (1995), 271-283.
22 J. C. GONZÁLEZ-DÁVILA, F. MARTÍN CABRERA, AND M. SALVAI
[26℄ , Almost Quaternion-Hermitian Manifolds, Ann. Global Anal. Geom. 25 (2004), 277301.
arXiv:math.DG/0206115
[27℄ , Speial almost Hermitian geometry, J. Geom. Phys. 55/4 (2005), 450470.
arXiv:math.DG/0409167
[28℄ T. Sakai, Riemannian Geometry, Transl. Math. Mon. 149, Amer. Math. So., Providene (1996).
[29℄ M. Salvai, On the energy of setions of trivializable sphere bundles, Rendionti del Seminario Matematio
dell'Universitá e Politenio di Torino 60 (2002), 147-155.
[30℄ A. F. Swann, Aspets sympletiques de la géometrie quaternionique. C. R. Aad. Si. Paris, 308 (1989,
225228.
[31℄ H. Urakawa, Calulus of variations and harmoni maps, Transl. of Math. Monographs 132, Amer. Math.
So., Providene, Rhode Island, 1993.
[32℄ I. Vaisman, Loally onformal Kähler manifolds with parallel Lee form, Rend. Mat. (6) 12 (1979), no. 2,
263284.
[33℄ G. Wiegmink, Total bending of vetor elds on Riemannian manifolds, Math. Ann. 303 (1995), 325-344.
[34℄ C. M. Wood, On the energy of a unit vetor eld, Geom. Dediata 64 (1997), 319330.
(J. C. González-Dávila) Department of Fundamental Mathematis, University of La Laguna,
38200 La Laguna, Tenerife, Spain
E-mail address: jgonzaull.es
(F. Martín Cabrera)Department of Fundamental Mathematis, University of La Laguna, 38200
La Laguna, Tenerife, Spain
E-mail address: fmartinull.es
(M. Salvai) famaf-iem, Ciudad Universitaria, 5000 Córdoba, Argentina
E-mail address: salvaimate.unor.edu
